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Abstract
Let D be a locally finite, connected, 1-arc transitive digraph. It is shown that the reachability
relation is not universal in D provided that the stabilizer of an edge satisfies certain conditions which
seem to be typical for highly arc transitive digraphs. As an implication, the reachability relation
cannot be universal in highly arc transitive digraphs with prime in- or out-degree.
Two different aspects of the connection between highly arc transitive digraphs and the theory of
totally disconnected locally compact groups are also considered.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
Let D(V , E) denote a digraph with vertex-set V (D) and edge-set E(D) ⊆ V (D) ×
V (D). If not stated otherwise, digraphs considered in this paper are connected, infinite,
locally finite (i.e. the in-degree d−D(v) and the out-degree d+D(v) of each vertex v ∈ V (D)
are both finite) and have no loops. Here “connected” means that for any pair of vertices
there is a path joining them in the underlying undirected graph. Denote by Aut(D) the
automorphism group of D. If Aut(D) acts transitively on V (D) then all vertices have
the same in-degree and the same out-degree, which are then denoted by d−D and d
+
D ,
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respectively. For simplicity reasons the subscript D is omitted whenever the digraph in
question is clear from the context. Furthermore, for a vertex v ∈ V (D) define N+D (v) ={u ∈ V (D) | (v, u) ∈ E(D)} and N−D (v) = {u ∈ V (D) | (u, v) ∈ E(D)}.
Let s ≥ 0 be an integer. An s-arc in a digraph D is a sequence (v0, v1, . . . , vs) of s + 1
vertices such that (vi , vi+1) ∈ E(D) for each i, 0 ≤ i ≤ s − 1, and vi−1 = vi+1 for each
i, 1 ≤ i ≤ s − 1. If Aut(D) acts transitively on the set of s-arcs, then D is called s-arc
transitive. A digraph D is said to be highly arc transitive if Aut(D) is s-arc transitive for
all finite s ≥ 0.
Highly arc transitive digraphs were considered in [1] from several different viewpoints,
leading to, among others, constructions of highly arc transitive digraphs and a
characterization of universal covering digraphs of highly arc transitive digraphs. Moreover,
a number of interesting problems were posed in [1], some of which have already been
partially or completely solved (see [3, 6, 7, 9]). An additional motivation for the study of
these digraphs is their connection to totally disconnected locally compact groups (see [8]).
In Section 3 we consider the reachability relation. An alternating walk in a digraph D
is a sequence (v0, v1, . . . , vn) of vertices such that, for each i, 0 < i < n, either (vi−1, vi )
and (vi+1, vi ) are edges, or (vi , vi−1) and (vi , vi+1) are edges in D. If e and e′ are edges in
D then we say that e′ is reachable from e, written eAe′, if there exists an alternating walk
in D whose initial and terminal edges are e and e′. Of course A is an equivalence relation,
and the equivalence class containing e is denoted by A(e).
The relationA is closely related to the so-called property Z. (A digraph D has property
Z if there exists a homomorphism from D onto the directed infinite line which is a Cayley
digraph of the additive group of integers. Obviously, the reachability relation in such a
digraph is not universal.) In [1] the problem of constructing highly arc transitive digraphs
without property Z was posed and in [6] the first examples of such digraphs with finite
in- and out-degrees were given. On the other hand it was shown in [9] that highly arc
transitive digraphs with finite and unequal in- and out-degrees always have property Z. (In
[3] an example is constructed of a highly arc transitive digraph that does not have property
Z and has infinite in-degree and finite out-degree.) Hence, when looking for examples of
highly arc transitive digraphs with finite in- and out-degrees and with universal reachability
relation—a problem also posed in [1]—digraphs with equal in- and out-degrees are the
only candidates. In Proposition 3.2 a connection between alternating walks in a given
digraph and a certain somewhat technical condition placed on the stabilizer of an edge
is established. As an immediate consequence it is shown that the reachability relation in
a 1-arc transitive digraph D is not universal provided the in- and out-degrees of both are
equal to a prime integer (Theorem 3.3). Moreover, the same holds provided the stabilizer
of an edge e ∈ E(D), with respect to its action on edges adjacent to e, induces a group of
a special form which, nevertheless, seems to be typical in the case of highly arc transitive
digraphs D (Theorem 3.4).
Section 4 deals with the connection between highly arc transitive digraphs and totally
disconnected locally compact groups (see [8]). The first result is that if g is an element of
a totally disconnected locally compact group G and the conjugacy class of g has compact
closure in G then s(g) = 1 where s is the scale function on G. The proof of this relies
on a simple result about bounded automorphisms of highly arc transitive digraphs. (An
automorphism g of a connected digraph is said to be bounded if there is a constant C
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such that dist(v, g(v)) ≤ C for all vertices v, where dist(−,−) denotes the usual digraph
distance.) Next is a short proof of a theorem of Willis ([14, Theorem 2]).
In Section 2 we discuss connections between the concept of out-spread (see definition
below and [1, Definition 3.5]) and results from [8]. A new characterization of connected
highly arc transitive digraphs that have out-spread 1 is also given. Furthermore we present
a result on bounded automorphisms of highly arc transitive digraphs which plays an
important role in the proofs of the results in Section 4 but also seems to be of some interest
on its own. We also show that for a highly arc transitive digraph D already the stabilizer
of a vertex together with one additional automorphism generates a subgroup of Aut(D)
which acts highly arc transitively on D.
2. Definitions, bounded automorphisms and out-spread
A line L in a digraph D is an infinite sequence (. . . v−1, v0, v1, v2 . . .) of vertices
such that (vi , vi+1) ∈ E(D) for every i ∈ Z. Since infinite connected highly arc
transitive digraphs contain no directed cycles, the vertices of a line in such a graph are
pairwise different. If L is as above, then L[vi ,∞) and L[vi ,−∞) denote the sequences
(vi , vi+1, vi+2, . . .) and (vi , vi−1, vi−2, . . .), respectively. We also say that L[vi ,∞) is a
positive halfline and L[vi ,−∞) is a negative halfline.
Two positive (negative) halflines P and Q in D are equivalent if in the underlying
undirected graph there are infinitely many disjoint paths connecting vertices in P to
vertices in Q. The equivalence classes of all infinite paths (not necessarily directed) with
respect to this relation are called the ends of D. The concept of ends can be defined in
several different ways; this form of the definition is due to Halin [5].
The set of descendants desc(v) of a vertex v of a digraph D is the set of those vertices of
D which can be reached from v by a directed path such that its first edge (if such an edge
exists) is of the form (v,w) for some w ∈ V (D). The set of ancestors (anc(v)) of a vertex
v is the set of those vertices of D for which v is a descendant. For a subset A ⊆ V (D) we
define the sets desc(A) = ⋃v∈A desc(v) and anc(A) =
⋃
v∈A anc(v). If L is a line in D,
then the subdigraph induced by desc(L) is denoted by FL , and EL denotes the subdigraph
induced by anc(L).
For a connected digraph D, define dist(u, v) as the distance between vertices u and v
in the underlying undirected graph (dist(u, v) is the length of the shortest possible path
between u and v).
Let v ∈ V (D) and n a positive integer. By B(v, n) = {u ∈ V (D) | dist(v, u) ≤ n} we
denote the ball of radius n with center v. In the case D admits a vertex transitive group of
automorphisms, the cardinality of B(v, n) does not depend on the vertex v.
In [7] the descendants of lines are investigated. Some of the results in [7] are repeatedly
used in the proofs later on. To facilitate reading of this paper we list those results below:
Lemma 2.1 ([7, Lemma 1]). Let D be an infinite locally finite highly arc transitive
digraph. Then Aut(D) is transitive on the set of directed lines. Furthermore, if L =
(. . . , v−1, v0, v1, . . .) is a directed line in D then there exists, for every k ∈ Z, an element
g ∈ Aut(D) such that g(vi ) = vi+k for all i ∈ Z.
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Lemma 2.2 ([7, Lemma 3]). Let D be an infinite locally finite highly arc transitive
digraph. Suppose L is a line in D. Then
(1) d+FL = d+D.
(2) FL is highly arc transitive.
(3) The undirected graph corresponding to FL has more than one end.
Theorem 2.3 ([7, Theorem 1]). Let D be a locally finite highly arc transitive digraph.
Suppose that there is a line L = (. . . , v−1, v0, v1, . . .) such that V (D) = desc(L). Then
there exists a surjective homomorphism φ : D → T where T is a directed tree with
d−T = 1 and finite d+T . The automorphism group of D has a natural action on T as a
group of automorphisms such that φ(g(v)) = g(φ(v)) for every g ∈ Aut(D) and every
v ∈ V (D). The action of Aut(D) on T is highly arc transitive. Furthermore, the fibers
φ−1(v), v ∈ V (T ) are finite and all have the same number of elements.
Remark. These results can clearly be formulated analogously for EL .
Bounded automorphisms of graphs have been investigated for example in [4, 10]. In
[4, 16] the connections between bounded automorphisms, and FC elements (elements with
finite conjugacy class) and FC− elements (elements in a topological group which have a
conjugacy class with compact closure) are pointed out. In Section 4 we use the following
result on bounded automorphisms of highly arc transitive digraphs to establish a result
about FC− elements in topological groups.
Proposition 2.4. Let L be a line in the locally finite highly arc transitive infinite digraph
D. Suppose that g is a bounded automorphism of D. If L1 and L2 are two positive halflines
in FL, and L2 = g(L1) then L1 and L2 are in the same end of FL .
If g is a bounded automorphism of D such that g(v) ∈ desc(v)\{v} for some vertex v
then D has precisely two ends.
Proof. Since L1 = (v0, v1, . . .) and L2 = (w0, w1, . . .) are both contained in FL the two
halflines will have a common ancestor v ∈ V (FL). Suppose g is a bounded automorphism
of D which maps L1 onto L2. We can without loss of generality assume that some vertex
wn is in desc(v0). If necessary take a directed path P from v to v0 and replace L1 with
P ∪ L1 and L2 with g(P ∪ L1). Of course a finite part of g(P ∪ L1), namely g(P), may
not be contained in FL . But since this would not change the arguments of the following
two paragraphs we do not take care of this case separately and assume in the sequel that
g(P ∪ L1) ⊂ FL holds.
Since g is bounded we can assume that there is an integer k > 0 such that for infinitely
many vi ∈ V (L1), i ∈ I, we can find infinitely many pairwise distinct w ji ∈ V (L2) such
that w ji ∈ B(vi , k). By 2.1, there is an a ∈ Aut(D) such that ai (v0) = vi for all integers i
and therefore B(vi , k) = ai (B(v0, k)) also holds. Since B(v0, k) is finite, there is a vertex
y ∈ B(v0, k) and infinitely many positive integers pi such that a pi (y) ∈ L2[wn,∞). For
simplicity we renumber the pi such that p1, p2, p3, . . . are these numbers and pl+1 > pl
for all l ≥ 1.
Let a p1(y) = wr for some wr ∈ V (L2). Then there is a directed path R from v0 to wr .
Under each a pl−p1 the vertex wr is mapped to a vertex of L2 and v0 is mapped to a vertex
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of L1. Hence R is mapped onto a directed path from L1 to L2 under each a pl−p1 . But this
implies that L1 and L2 are in the same end of FL .
Now we come to the proof of the latter statement in the lemma. Define K as the line
. . . g−1(Q)Qg(Q)g2(Q) . . . where Q is a directed path with initial vertex v and terminal
vertex w such that g(v) ∈ N+D (w). Let φ : FK → T be the map described in Theorem 2.3.
If FK has more than two ends then there is a directed positive halfline K1 that starts at v
but does not belong to the same end of FK as K [v,∞). Then g(K1) cannot belong to the
same end as g(K [v,∞)) = K [g(v),∞). Looking at the action of g on the tree T it is clear
that φ(K1) and φ(g(K1)) belong to different ends of T and hence K1 and g(K1) belong
to different ends of FK . This contradicts the first part of the Lemma. We conclude that FK
has only two ends. Similarly EK has only two ends and we can now conclude that D has
only two ends. 
Let D be a digraph with finite out-degree and vertex transitive automorphism group.
Choose a vertex v in D and define pk as the number of vertices u in D such that there is a
directed path of length k from v to u. Because of the vertex transitivity of the automorphism
group, the value of pk does not depend on the choice of v. The out-spread of D is defined as
lim sup
k→∞
(pk)1/k .
The in-spread of a digraph D with finite in-degree is defined as the out-spread of the
digraph one gets by reversing the direction of all the arcs in D.
In [7, Theorem 2] it is shown that the out-spread of a highly arc transitive digraph is
always an integer. Furthermore, in [7] the emphasis is on the digraphs FL and EL . It is
thus of particular interest to look at highly arc transitive locally finite digraphs D such that
D = FL or D = EL . The theorem below gives a characterization of such digraphs in terms
of the out-spread of D.
Lemma 2.5. Let D be a locally finite connected highly arc transitive digraph and L a
line in D. If FL has only two ends then D = EL. Similarly, if EL has only two ends then
D = FL.
Proof. Let L = (. . . , v−1, v0, v1, v2, . . .). Suppose FL has only two ends. We know that
N−EL (v) = N−D (v) for all vertices v in EL . In order to prove the lemma we must show
that N+EL (v) = N+D (v) for all vertices v in EL and then the result follows because D is
connected. Let φ : FL → T be a map analogous to the map defined in Theorem 2.3. Set
Vi = φ−1(φ(vi )). Because FL has only two ends we know that T is just a line. Hence,
if g ∈ Aut(FL ) and v and g(v) are in the same φ-fiber then all the φ-fibers are invariant
under g. We now show that we can find a number k such that all the vertices in Vk are
descendants of v1.
By Lemma 2.1 there exists an automorphism h of D such that h(vi ) = vi+1 holds
for all i ∈ Z. Note that then h(Vi ) = Vi+1 for all i ∈ Z. Clearly FL is invariant
under h. In addition each w ∈ V0 is the descendant of some vertex vn(w) ∈ L. Let
−m = min{n(w) | w ∈ V0}. Then all vertices of V0 are descendants of v−m ∈ V−m
and clearly all vertices of hm+1(V0) are descendants of hm+1(v−m) ∈ V1. Hence, if k ≥ m,
each vertex of Vk is contained in desc(v1).
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If v is any vertex in V1 then clearly every vertex in Vk is a descendant of v. Note that
every vertex in N+D (v0) is contained in V1 and thus every vertex in N
+
D (v0) is an ancestor
of Vk . Thus N+D (v0) ⊆ anc(L). Hence the out-degree of the vertices in D is the same as
the out-degree of the vertices in EL and thus EL = D. 
Theorem 2.6. Let D be a locally finite connected highly arc transitive digraph. The in-
spread of D is 1 if and only if there is a line L such that D = FL . Similarly, the out-spread
of D is 1 if and only if there is a line L such that D = EL.
Proof. By Lemma 2.2 and the remark following Theorem 2.3 EL has more than one end.
Since the in-spread of D and therefore also of EL is equal to 1, EL has exactly two ends
for every line L. Then it follows from the lemma above that D = FL . The other statement
of the proposition follows in the same way. 
Remark. Lemma 2.1 states that in a locally finite highly arc transitive digraph the
automorphism group acts transitively on the set of lines. Hence we could say in the above
theorem that D has in-spread 1 if and only if D = FL for every line L in D and analogously
for the out-spread.
We end this section with the following result about automorphism groups of highly arc
transitive digraphs.
Proposition 2.7. Let D be an infinite connected highly arc transitive digraph and let a
group H act highly arc transitively on D. Furthermore, let v ∈ V (D), (v, u) ∈ E(D), and
let g be an automorphism of D with g(v) = u. Then the group G = 〈Hv ∪ g〉 acts highly
arc transitively on D.
Proof. For each s ≥ 0, the group Hv acts transitively on the set of s-arcs in D with initial
vertex v. At the same time, the group G acts transitively on V (D), since D is connected
and Hv acts transitively on N+D (v) and N
−
D (v), where g(v) ∈ N+D (v) and g−1(v) ∈ N−D (v).
The result follows. 
3. Reachability
If a digraph D is 1-arc transitive, then the subdigraphs 〈A(e)〉 induced by A(e) are
isomorphic to a fixed digraph which will be denoted by ∆(D). In [1] the following result
about∆(D) was shown:
Proposition 3.1 ([1, Proposition 1.1]). Let D be a connected 1-arc transitive digraph.
Then ∆(D) is 1-arc transitive and connected. Furthermore, either
(1) A is universal and∆(D) = D, or
(2) ∆(D) is bipartite.
There are examples of highly arc transitive infinite digraphs for which the reachability
relation is universal (see [1, p. 378]), but no example of an infinite locally finite highly
arc transitive digraph with universal reachability relation is known. As mentioned in the
introduction all highly arc transitive digraphs with finite and unequal in- and out-degree
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have property Z which implies that they cannot have universal reachability relation. Hence
the following results are formulated only for digraphs with equal in- and out-degrees.
We have chosen a quite general approach to the question of universality of the
reachability relation. It is based on the analysis of the action of the stabilizer of an edge
(u, v) ∈ E(D) on the set N+D (v) in 1-arc transitive digraphs D. The results of this section
can be seen as illustrations of this approach.
Let a group G act on a set V and let Ω ⊆ V be setwise fixed by G. By GΩ we denote
the pointwise stabilizer in G of Ω , and by GΩ ∼= G/GΩ the restriction of G to Ω . For
elements u, v ∈ V we define Gu,v = {g ∈ G | g(u) = u and g(v) = v}.
Proposition 3.2. Let D be a digraph such that in-degree and out-degree of any vertex are
equal to a fixed integer d. Let G = Aut(D), e = (u, v) ∈ E(D) and Ω ⊆ V (D)\{u, v}.
Furthermore, let H be a subgroup of Gu,v which fixes Ω setwise and stabilizes no vertex
from Ω . If all proper subgroups of HΩ have index at least d, then there is no alternating
walk with initial edge e and terminal vertex in Ω .
Proof. Let f be an edge adjacent to e such that e ∪ f determines an alternating walk, and
let w /∈ {u, v} denote a vertex of f . Since the orbit of w under H has length less than d ,
the stabilizer Hw of w has index less than d in H . Therefore |HΩ : HΩw | < d also holds.
But this implies HΩw = HΩ by our assumption. Since H stabilizes no vertex from Ω , Hw
also has this property. By induction this property extends to the stabilizer of all vertices
contained in an alternating walk with initial edge e.
In particular let P be such an alternating walk with its terminal vertex x ∈ Ω . Then the
pointwise stabilizer HV (P) satisfies HΩV (P) = HΩ and fixes x , contradicting the fact that
H stabilizes no vertex from Ω . 
Theorem 3.3. Let p be a prime and let D be a 2-arc transitive digraph with in-degree and
out-degree equal to p. Then the reachability relation in D is not universal.
Proof. Let (u, v) be an edge of D. As D is 2-arc transitive, the stabilizer Gu,v , where
G = Aut(D), acts transitively on N+D (v). Since |N+D (v)| = p is a prime there is a group
H ≤ Gu,v which restriction to N+D (v) is isomorphic to Zp . By replacing Ω with N+D (v) in
Proposition 3.2, the result follows. 
We mention that the examples of those highly arc transitive digraphs without property
Z which were constructed in [6] do not have a universal reachability relation. This follows
also from Theorem 3.3 since those digraphs have in-degree and out-degree equal to 2.
Similar arguments can be used to prove the following more general result. We mention
that also Theorem 3.3 can be deduced from the following one by putting d = p and
K ∼= Zp .
Theorem 3.4. Let D be a 1-arc transitive digraph with d+D = d−D = d > 1. Let
(u, v) ∈ E(D) be such that the restriction GN
+
D (v)
u,v of the stabilizer Gu,v to N+D (v) contains
a subgroup K = 1 which has no nontrivial permutation representation of degree less than
d. (For example, let K be a simple group in a nontrivial permutation representation of
smallest degree.) Then the reachability relation in D is not universal.
26 A. Malnicˇ et al. / European Journal of Combinatorics 26 (2005) 19–28
Proof. By replacing Ω with N+D (v) and H with the preimage of K in Gu,v in
Proposition 3.2, the result follows. 
We mention that the nontrivial permutation representations of smallest degree of all
finite simple groups are known. See [12], where the determination of such representations
of finite simple groups modulo their classification was completed. In connection with the
results of this section it would also be interesting to know which permutation groups can
arise as AutN
+
D (v)
u,v where (u, v) is an edge of a locally finite highly arc transitive digraph D.
4. Highly arc transitive digraphs and topological groups
The theory of locally compact groups is that part of the theory of topological groups that
has widest appeal and most applications. When looking at locally compact groups there are
the connected groups on one end of the spectrum and the totally disconnected groups on
the other end of the spectrum. The automorphism group of a locally finite connected graph
with the topology of pointwise convergence is an example of a totally disconnected locally
compact group [11, 16].
An important result in the theory of locally compact totally disconnected groups is
the theorem of van Dantzig [2] that such a group must always contain a compact open
subgroup. The applications that follow involve concepts and ideas from the structure theory
developed by Willis, see [13, 15]. The important concepts of Willis’s theory are the scale
function and tidy subgroups.
Definition 4.1. (A) Let G be a locally compact totally disconnected group and g an
element in G. For a compact open subgroup U in G define
U+ =
∞⋂
i=0
giUg−i and U− =
∞⋂
i=0
g−i Ugi .
Say U is tidy for g if
(1) U = U+U− = U−U+ and
(2) ⋃∞i=0 giU+g−i and
⋃∞
i=0 g−iU−gi are both closed in G.
(B) Let G be a locally compact totally disconnected group. The scale function on G is
defined by the formula
s(g) = min{|U : U ∩ g−1Ug| : U a compact open subgroup of G}.
The connection between the scale function and tidy subgroups is described in the
following theorem due to Willis.
Theorem 4.2 ([15, Theorem 3.1], see [8, Theorem 6.1]). Let G be a locally compact
totally disconnected group and g ∈ G. Then s(g) = |U : U ∩ g−1Ug| if and only if
U is tidy for g.
Willis’s theory can be understood in terms of graphs and automorphism groups of
graphs, see [8]. In this approach to Willis’s theory a fundamental role is played by highly
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arc transitive digraphs. In the following Lemma several results from [8, Sections 2–4] are
collected together.
Theorem 4.3. Let G be a locally compact totally disconnected group, g an element in
G and U a compact open subgroup of G. Put Ω = G/U. Let v0 be a point in Ω . Set
vi = gi(v0). Define a digraph D such that the vertex set of D is Ω and the edge set is the
orbit G(v0, v1). Then:
(1) If U satisfies condition (1) in Definition 4.1 (A) then the digraph D is highly arc
transitive.
(2) If U is tidy for g then D is not only highly arc transitive but the subgraph in D
spanned by desc(v0) is a tree.
We now turn to bounded automorphisms and the scale function.
Definition 4.4. Let G be a totally disconnected locally compact group. An element g in G
is said to be an FC− element if the conjugacy class of g has compact closure in G.
Suppose now G is a totally disconnected locally compact group and that G acts as a
group of automorphism on some connected locally finite graph X . Furthermore suppose
that the stabilizer in G of a vertex in X is a compact open subgroup. Then [16, Lemma 4]
says that g is an FC− element of G if and only if g acts as a bounded automorphism on X .
Theorem 4.5. Let G be a totally disconnected locally compact group and s : G → R the
scale function on G. If g is an FC− element in G then s(g) = 1 = s(g−1).
Proof. Note that if g is an FC− element of G, then g−1 is also an FC− element. Let U be a
compact open subgroup of G that is tidy for g. Set Ω = G/U . Let v0 be a point in Ω such
that U = Gv0 and vi = gi(v0). Define a digraph D such that the vertex set of D is Ω and
the edge set of D is the orbit G(v0, v1). It follows from Theorem 4.3 that the digraph
D is highly arc transitive. Let D′ be the connected component of D that contains v0.
Furthermore, define G′ as the subgroup of G that leaves D′ invariant. Clearly g is contained
in G′ and g is an FC− element of G′. By [16, Lemma 4] we know that g acts on D′ as
a bounded automorphism. But v1 = g(v0) ∈ desc(v0) and therefore g leaves invariant a
line L. Hence Proposition 2.4 implies that g can only be a bounded automorphism if D′
has precisely two ends. Since U is assumed to be tidy, the subgraph induced by desc(v0)
is a tree. This implies that D′ is just an infinite directed line and hence Gv0 fixes v−1. By
Theorem 4.2
s(g) = |U : U ∩ g−1Ug| = |Gv0 : Gv0 ∩ Gv−1 | = |Gv0v−1| = 1. 
We now turn to periodic elements and cycles in digraphs.
Definition 4.6. An element g in a topological group G is said to be periodic if the closure
of the cyclic subgroup 〈g〉 is compact in G. Define P(G) as the set of all periodic elements
in G.
Suppose now that G is a totally disconnected locally compact group and U is a compact
open subgroup of G. Considering the action of G on the coset space G/U we can recognize
the periodic elements because they are the only elements generating cyclic subgroups that
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have all their orbits finite (follows from [16, Lemma 2]). The following proof of [14,
Theorem 2] further illustrates the use of highly arc transitive digraphs in the theory of
totally disconnected locally compact groups.
Theorem 4.7 ([14, Theorem 2]). Let G be a totally disconnected locally compact group.
The set P(G) of periodic elements in G is closed.
Proof. The trick is to use the fact that a connected infinite highly arc transitive digraph has
no directed cycles.
Suppose g is in the closure of P(G) but g is not periodic. Let U be a compact open
subgroup of G that is tidy for g. Define the digraph D′ in the same way as in the proof
of Theorem 4.5. If g is not periodic then the orbit of v0 under 〈g〉 is infinite and therefore
D′ is infinite. The set gU is an open neighborhood of g and must therefore contain some
periodic element h. The fact that h ∈ gU = gGv0 implies h(v0) = g(v0) = v1. The
element h is periodic so the orbit of v0 under 〈h〉 is finite and therefore there is an integer n
such that hn(v0) = v0. The sequence v0, v1 = h(v0), v2 = h2(v0), . . . , vn = hn(v0) = v0
is a directed cycle in D′. This contradicts the result mentioned above. Hence we conclude
that it is impossible that the closure of P(G) contains any elements that are not periodic.
Thus P(G) is closed. 
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